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Some Bounds for the Number of Blocks
RYUZABUROU NODA
Some natural upper bounds for the number of blocks are given. Only a few block sets achieving
the bounds except trivial ones are known. Necessary conditions for the existence of such block sets
are given.
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1. INTRODUCTION
Let be a set with || = v and B a family of k-subsets, called blocks, of. We assume that
k < v throughout. Then we say thatB is a (d, k, v) set if max{B∩C | |B,C ∈ B, B 6= C} = d.
The numbers of the blocks of (d, k, v) sets are bounded as follows (see the proof of Theo-
rem 3A.5 [1]).
PROPOSITION 0. Let B be a (d, k, v) set on  with |B| = b. Then we have(
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= b
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β(i)
for every integer i such that 1 5 i 5 k − d, with equality if and only if for any (d + 2i − 1)-
subset X of , there exists a block B with |X ∩ B| = d + i .
We say that a (d, k, v) set B is a β(i) set if B achieves the bound β(i). The β(1) sets
with parameters (d, k, v) are exactly Steiner systems S(d + 1, k, v). The complement of a
(d, k, v) set B on  is { − B|B ∈ B}. Then it is easy to see that the complement of B is a
(v − 2k + d, v − k, v) set.
We first prove the following.
THEOREM 1. A (d, k, v) set B on  achieves the bound β(i) if and only if the complement
of B achieves the bound β( j) with j = k − d − i + 1.
As a consequence of Theorem 1 we have the following.
COROLLARY. If a (d, k, v) set achieves the bound β( j) with j = k − d, then the comple-
ment of it is a Steiner system S(v − 2k + d + 1, v − k, v). Conversely, the complement of a
Steiner system S(t, k, v) with k < v achieves the bound β( j) with j = k − t + 1.
We say that a (d, k, v) set achieving the bound β( j) with j = k − d is trivial. Only two
non-trivial β(i) sets with i = 2 are known. They are the Steiner system S(5, 8, 24) (i = 2)
and the complement of it (i = 3).
The parameter (d, k, v) of β(i) sets satisfy the following conditions.
THEOREM 2. If a (d, k, v) set B achieves the bound β(i) with i = 2, then:
(1) ((d + 2i)/ i)(k− d) 5 v 5 ((d + 2(i − 1))/(i − 1))(k− d) with left-hand side equality
if and only if B achieves the bound β(i + 1) and with right-hand side equality if and
only if B achieves the bound β(i − 1),
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(2) (d + i + a) · · · (d + i + 1)(d + i)/(i + a) · · · (i + 1)i is integral for any integer a with
0 5 a 5 k − d − i ,
(3) if k = d + i + 1 then d = i2,
(4) k 5 i(d + i − 2)/(i − 1),
(5) (v − k − i + 1 + a) · · · (v − k − i + 2)(v − k − i + 1)/(k − d − i + 1 + a) · · · (k −
d − i + 2)(k − d − i + 1) is integral for any integer a with 0 5 a 5 i − 1,
(6) if B does not achieve the bound β(i + 1), then (d+ 2i + 1)(d+ 2i)/(i + 1)i is integral,
(7) if B does not achieve the bound β(i − 1), then (v − d − 2i + 3)(v − d − 2i + 2)/(k −
d − i + 2)(k − d − i + 1) is integral.
By Theorem 2(1) and (4), for given i and d, the possible parameters v and k for β(i) sets
are bounded. Many of them are eliminated by Theorem 2 and by the integrality condition of b
in Proposition 0. However there are many (perhaps infinitely many) parameters, for example
(i, d, k, v) = (2, 16, 20, 57), which satisfy all of the above conditions.
By Theorem 2(1) we have the following.
COROLLARY. There exists no (d, k, v) set which achieves both β(i) and β( j)with | j−i | =
2. In particular, Steiner systems never achieve the bound β(i) with i = 3.
It may be an interesting problem whether there exist (d, k, v) sets achieving both β(i) and
β(i + 1). By a result of Hauck [2], (d, k, v) sets achieving both β(1) and β(2) are the Steiner
system S(5, 8, 24) and the Steiner systems S(t, t + 1, 2t + 2).
We can only prove the following.
THEOREM 3. If i ≡ 3 (mod 4) there exist no (d, k, v) sets which achieve both the bounds
β(i − 1) and β(i).
2. PROOF OF PROPOSITION 0, AND THEOREMS 1 AND 2
PROOF OF PROPOSITION 0. For any (d + 2i − 1)-subset X of , there exists at most one
block B with |X ∩ B| = d + i . Hence the inequality follows.
PROOF OF THEOREM 1. We denote by B′ the complement of B. Then:
For any (d + 2i − 1)-subset X there exists a block B ∈ B with |X ∩ B| = d + i.
⇔ For any (d + 2i − 1)-subset X there exists a block B ′ ∈ B′ with |X ∩ B ′| 5 k − d − i.
⇔ For any (v − d − 2i + 1)-subset X ′ there exists a block B ′ ∈ B′ with |X ′ ∩ B ′|
= v − k − i + 1.
Then since v − d − 2i + 1 = (v − 2k + d) + 2(k − d − i + 1) − 1 and v − k − i + 1 =
(v − 2k + d)+ (k − d − i + 1), B is a β(i) set with parameter (d, k, v) if and only if B′ is a
β(k − d − i + 1) set with parameters (v − 2k + d, v − k, v). 2
PROOF OF THEOREM 2. (1) We first prove the left-hand side bound. Let X be (d + 2i)-
subset which is a union of d+ i points in a block and i points outside it. Then |X ∩ B| 5 d+ i
for any block B and for any (d + 2i − 1)-subset Y of X there exists a unique block B with
|Y ∩ B| = d + i . Then there must be exactly (d + 2i)/ i blocks B with |X ∩ B| = d + i (d
must be divisible by i). Such blocks have no point in common on − X . Hence
v = d + 2i + ((d + 2i)/ i)(k − d − i)
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with equality if and only if B achieves the bound β(i + 1).
Next we prove the right-hand side bound. Let W be a d+(2i−1)-subset such that |W∩B| 5
d + i − 1 for any block B. Then since B is a β(i) set, for any point p in  − W there exists
a unique block C such that C 3 p and |C ∩ W | = d + i − 1. On the other hand, the number
of blocks D with |D ∩ W | = d + i − 1 is at most [(d + 2(i − 1))/(i − 1)], where [m] is the
maximal integer not exceeding m. Such blocks D have no point in common on−W . Hence
we have
v 5 d + 2(i − 1)+ ((d + 2(i − 1))/(i − 1))(k − d − i + 1)
with equality if and only if B achieves the bound β(i − 1).
(2) Let B be a block and Y a i-subset in  − B. Put B1 = {B − C |C are blocks with C ⊃
Y and |B∩C | = d}. Then since B is a β(i) set, B1 is a Steiner system S(k−d−i+1, k−d, k)
on the points of B. Hence the assertion follows.
(3) Fisher’s inequality applied to the Steiner system in (2) gives the inequality.
(4) The inequality v = (t+1)(k− t+1) holds for the Steiner systems S(t, k, v) with v > k
(Theorem 3A.5). Applying this to the Steiner system in (2) gives the inequality.
(5) Let B be a block and Y a subset of B with |Y | = d+i−1. PutB2 = {C |C are blocks with
|Y ∩ C | = d}. Then B2 is a Steiner system S(i, k − d, v − k) on − B.
(6) To prove (6) we provide the following lemma. 2
LEMMA 2.1. Under the assumption of Theorem 2, let M be a m-subset of such that m =
d+2i and |M ∩ B| 5 d+ i holds for any block B. Put B3 = {M−C |C are blocks with |M ∩
C | = d + i}. Then B3 is a Steiner system S(m − d − 2i + 1,m − d − i,m) on M.
The proof of Lemma 2.1 is straightforward. If B is not a β(i + 1) set, then there exists an
m-subset M with m = d + 2i + 1 and assertion (6) follows.
(7) If B is not a β(i − 1) set, then by Theorem 1 the complement B′ is not a β(i ′ + 1) set
with i ′ = k − d − i + 1. Then applying (6) to B′ we obtain (7).
3. PROOF OF THEOREM 3
We begin with the following.
LEMMA 3.1. If a (d, k, v) set B with d even achieves the bound β(i) with i ≡ 3 (mod 4),
then either B achieves β(i + 1) or B is trivial, that is, k = d + i .
PROOF. If B is not a β(i + 1) set then i + 1, hence 4 divides (d + 2i)(d + 2i + 1) by
Theorem 2(6). Thus d ≡ 2(mod 4). In addition if B is non-trivial then i + 1 divides (d +
i)(d + i + 1) by Theorem 2(2), whence d ≡ 0 (mod 4). We remark that trivial β(i) sets never
achieve the bound β(i + 1). 2
PROOF OF THEOREM 3. Assume that B achieves the bounds β(i − 1) and β(i). Then by
Theorem 2(2) d is divisible by i − 1 and hence even. We have k = d + i by Lemma 3.1
and the corollary to Theorem 2. Then by Theorem 1 the complement B′ of B achieves β(1)
and β(2). Then B′ is the Steiner system S(5, 8, 24) or Steiner systems S(t, t + 1, 2t + 2)
by the result of Hauck. However the complement of S(5, 8, 24) achieves β(3) and β(4). In
addition S(t, t + 1, 2t + 2) are self-complementary and achieve β(1) and β(2), contrary to
the assumption. 2
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